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ON SOME STATISTICS COMPARING TWO
BINOMIAL SEQUENCES

By P. V. KrisHNA IYER AND M. N. BHATTACHARYYA
Defence Science Laboratory, New Delhi

I. INTRODUCTION

FOR two sequences of observations {x} and {y} given by
{x}—xla xZa .X3, ;- < xn

{31 Yoo Vo5 --vs Y

where x’s and p’s take any of the values 0y, 0, ..., 0, with prob- -
abilities py, ps, ..., pr, Iyer (1954) has discussed the probability dis-
tributions of the Statistics X (x, — y,), 2| %, — y, | and 2 (x, — y)?’
arising from considerations of simple matchings and suggested their
application for testing- the “homogenecity of the two sequences. In
an' earlier note published in Nature (1953) it was suggested that the
probability distribution of the Statistics

X l Xe—Vr I + % l Xet1—Vr l + ...+ ZI Xtz —Vr l }
,—I—ler—;)):f+ll +21xr—yr+2l + Z"lxr_yrﬂl :
can be studied to find out an optimum value of s for the purpose.

Following the above lines we formulate three Statistics X,, Y, and Z,
deﬁned as

X, = g’: (xr - yr) + ZZ ,:%'1 (xr - yrﬂ) + ‘2 "lei(xrﬂ yr):

Ys=2n1|xr_‘yrl+2 2|xr'—yrh‘|+.ﬁ 'Eﬁlxrﬁ_.l’rl

r=1 =1 r=1
and
n—1

Z= 2o+ 2 T -yt + 5 T e

where s can take values from 0 to (n — 1).

The probablllty distributions of these, .Statistics can be studied
with a view to finding an eﬂicwnt test for the purpose of. compaung
two sequences, It may, be noted that X(,; .Yo and Z, correspond to
Z (% — 1), & | %> yr|-8nd = (x,'— y,)2 respectlvely The ﬁrst two
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moments of these three Stafistics have been calculated by Iyer (1954)
and he has stated that all the cumulants are linéar functions in x,
the size of the sample and hence as n increases the distributions will
take the normal form. The distributions of the Statistics X,, Y, and
Z, for s> 0 are under investigation.

The discussions of the above Statistics for two binomial sequences
are comparatively simple, but do not appear to have been dealt with
so far. In connection with a psychological investigation McNemar
and Cochran have discussed a method for comparing the percentages
.in matched samples. For two matched samples involving binomial
characters 4 and B, if b and ¢ are the number of matched combina-
tions (4B) and (BA) then the test proposed by them consists in calculat-
ing ' '

2 _(b—cp
(b + ¢ @f =1
This involves the assumption that the probability of matched combina-
‘tion (AB) or (BA) is . But this test is different from the Statistics
Xo, Y, and Z, which. are also based on simple matchings.

The object of the present paper is to discuss the probability dis-
tributions of the Statistics X,, Y, and Z, for the case of two binomial
sequences, where x’s and y’s are either 4 or B with probabilities p and ¢
respectively, by adopting the following system of scoring.

(=) =@-B) (+1 |x—y|=|4—B] {+1 GP=U-B" (+]1
= (B—A4) —1 = |B—A4| + 1 = (B—A4)* J +1
4—4) | 4—A4 | : (A4—AP
;( or> 0 =< or) 0 =< or>
(B—B) NB-B|/ A (B—B)?
OBviously, according to the scbring S&stem, adopted, the Statistics
Y, and Z, are the same. Hence we shall confine ourselves in discussing
either of the two only. The purpose of discussing such Statistics is to
develop a method of comparing two binomial samples on the basis

of the order of occurrence .of the individual observations or in other
words comparing two binomial sequences. :

0

As is seen from above, these Statistics are based on a footing entirely
different from that of the usual 2 X 2 contingency x* used for comparing
two binomial samples. X, and, ¥, do not exist when the order of
observations is not- maintained. However under some assumptions
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they are comparable with the X2 test. Even in that case because of
the inclusions of additional information regarding the order, these
Statistics are reasonably expected to provide more reliable tests than
the x2, where the order is completely ignored. The actual applications
of these Statistics and their powers vis-a-vis 2X2 contingency x2 will
be the subject of a separate paper.

2. PROBABILITY GENERATING FuncTIONS AND CUMULANTS
OF THE DISTRIBUTIONS

A. (a) Statistic X,
Xo= 2 (xx— ) ' A.a. 1)
r=1 . )

According to the system of scoring defined earlier, X, is the number
of positive differences (4 — B) minus the number of negative differences
(B — A) observed by matching the individuals of the samples on the
basis of the order of observations.

The probability generating function (P.G. F.) ¢ (n) for the Statistic
X, . is
&, Xo) =[p* + ¢ + pqt + patr'I" (A.a.2)

The first four cumulants of this distribution can be readlly cal-
culated and they are as follows:— ,

6, =0, kK, =n2pq, k=0, kg =n2pq(l —6pq) (A.a.3)
(b) Statistic X; ' |

= ?=Z:' (‘xr—yr) + r:Z_l;l(xr‘_' ,Vr+1) + :‘-§ l(x,+] —y,) (A .b. 1)

The distribution of X; is more complicated than that of X,. We
shall discuss this distribution by obtaining the recurrence relation for

the P.G.F.S.
Assuming -P(A) (1, 1), P(,q (n, 1), P(a) (n, ) and P(B (n, 7) to be

the probabilities of X; taking a value r for n observations according
as the first observation of the two sequences are as given in the
suffix, the following relations can be easily established.



Py @1 =R(g) (L) 7" Py (L r— D)+ P (=L D + PRy ()
P(g) (n, r) =qu(ﬁ) (nﬁ—l,'r—2) + qu(ﬁ) (n—1, r—3) + qu(ﬁ) n—1,r—1) + qu(g) n—1,r=2) .
P(ﬁ) (n, r) =P.4IP(§) (n—1, r+2) + PqP(g) (n—1, r+1) + PqP(g) (n—1,r4+3) + qu(g) (n—1,r+2)

P(g) (n, r? = qu(g) n—1,r) + qu(g) (n—1,r—1) + qu(ﬁ) n—1, r+1) + qu(g) n—1,r)

- , (A.b.2)
Reducing these equations in.terms of P.G.F.’s and elinlinating we get ’
E-—pHt —p*  —p* - P |
—pqt*  (E—pgf) —pgqt  —pgt®

5 . ¢, X;) =0
. —pqt —pqt*  (Ef=pq)  —pqt .
=gt —q* —q° (E—g°) ¢

. : (4.5.3)

where g{;(n,Xl) is the P.G.F. of X; for n observatipns in each of the sequences.

Solution of the above determinant reduces (A.b.3) to

VSDIJ.SIJ.V.LS TVEALTINDIIOV. A0 ALHIO0S NVIANI HHL 40 TVNIAOL Q6]

| [E*— E*p* + ¢* + pgt* + par} ¢ (, Xp) = O (A.5.4)
or . g = ' o .
& (n+4, X)) — ¢ (n+3,X) {p*+4*+paf+pgt? = 0 (A.b.5)
Forn=1 '

65, Xp) — ¢ @4.X) PP attpgttpgr =0 (A.b.6)
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On substitution of the directly enumerated values of ¢ (5, Xy)
and ¢ (4, X;) the left-hand side of (A.b.6) has been found to vanish.

By putting ¢ = ¢ in (A.b.4) the difference equation connecting
the moment generating functions (M.G.F.’s) is obtained.
[E* — E*{p* + ¢* + pqe® + pge®0}] M (n,X;) =0  (A.b.T)
We note that the characteristic equation of (4.5.7) has only one
non-vanishing root A ={p? -} g% + pqe39 —}— pqe""} which is - unity
when § = 0. Then A ‘
M (n, X;) = 4,1 -  (A.b.9)
where 4, is a constant independent of »# and can be written as M (2, X;)/A%,

where - _ _

M2, Xy) = (p* + 4p%¢* + ¢*) + 2pq (P* + ¢°) (€% + e7%)

+ p*q* (¥ + %) (A.5.9)

Thus _ e - _

Mo, X) =M@ x)x2  (A.b.10)
The rth cumulant of the dlstrlbutlon is R

- [Wu%Maxn+@—mm»] (A.b.11)
Differentiating M (2, X;) and A in succession and putting 6 = 0, we get

M 2,X)=0 Al =0

M®Q2, X)) = 16pg . = 18p¢

M" (2, X) =0 . L _’o ‘ g (A.b.12)

M™ (2, X;) = 64pq (1 + 6pg) /\“ 162pgq
using (A.b.11) we obtain " -
Ky = 0 Kq = 0
= (9n—10) 2pq ry = (81n—130) 2pq (1 —6pq)
(c) Stattsnc X,

zm—m+2wrwmum—w

} (A.b.13)

+ Z‘ {Gr =y + (xta — 1)} (A.c.)

As earher, assuming P(M (n, ), P(M) (n, r), etc., as the prob-
abilities of X2 havmg a value - when n, 1s the size of the. sequence and
the first two observatxons of the sequences are ( 4 A) ( , ete., the

following relations are obtained.




P(jﬁ) (n,r) = sz(ﬁ) n—1,r) + pZP(ﬁﬁ) (n—1, r—1) +p2P(§ﬁ) (n—1, r+1) + sz( ) n—1,r)

AB
AB

Fag) @ = PP (L =D P gy (L r2) PR () () P gy (= r—D)

: N 2 1 2 . 2 1 —
P(ﬁi) m,r)=p P(i:) m—1Lr+1)+p P(gg)(n Lr+p P(ﬁﬁ) (n—1,r+2) +p2P(,B;g) (n—1, r+.1)

% . — 2 — — — . —_
P(:g) (n,r) = sz(gﬁ) m—1,r+p P(gg) n—1,r—1) + pzp(gg) (n—1,r4+1) + sz(gg) n—1,r)

P(.};ﬁ) (n,r) = qu(ﬁ) (n—1, "._3) + qu’(ﬁg) (n—1,r—4) + PqP(ﬁ)'(n—l, r—2) + qu(ﬁg) (n—1, r—3)
P(gg) (1) = PqP(gﬁ) (n—1,r—4) + PqP(gg) (n—1,r=5) + PqP(gﬁ) (n—1,r—3) + qu(gg) (n—1, r—4)

P(gg) (m,r) = PqP(gﬁ) (n—?, r—2) + qu(ﬁg) (n—1,r-3) + PqP(ig) (n—1, r—1) + PqP(gg) (n—1,r-2)

P(gg) (n,r) = qu(gﬁ) n—1,r—3) + qu(gg) n—1,r—4) + qu(gi) n—1,r=2) + qu(gg) n—1, r—3)
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P(g:) (n,r) = PqP(j.;) (n—1, r—l—_-?) + qu(gg) (n—1,r+2) 4 qu(ﬁ) (n—1,r+4) + PqP(ﬁg) (n—1,r+3)
chg) (n,r) = pql’.(gﬁ) (n—1,r+2) + qu(gg) (r—1,r+1) + qu(ﬁ) (n—1,r43) + PqP(gg) (n—1,r+2)

P(§f‘,) (n,r) = qu(gg) (n—1, r4+4) + Pqp(ﬁg) (n—1, r-3) + PqP(gﬁ) (n—1,r+5) + PqP(gg) (n—1,r+4)

P(gg) (n,r) = qu?(gg?l ("—L r+3) + qu(gg) (n—1,r+2) + qu(gﬁ) (n—1,r+4) + qu(gg) (n—1,r+3)

P n, ) = q®Praa\ n—1,r) + q®Prax (n—1, r—1) + @2P;ap (n—1, r4-1) L g2P; o (i —1. 1)
(z) (1) = Py € Py =L @ A

— a2 1 e 2 1 e 2 _ ~(n—1 r
P(gé) nr)=gq P(gi) n—1,r—1)+gq P(gg) n—1,r—2)+ ¢ P(gg) (n—1.r) + qu(gg) (n—1,r—1)

P(gg)‘ (n,r) = qzl_’(gﬁ) (n—1,r+1) + 1121’(%) (n—1,r) + qu(ﬁﬁ) (r—1,r+2) 4- qu(gg) (n—1,r+1)

. o 2 _ .- . _ ang .
P(gg) (n,r) = qu’(gﬁ)-(n Lr+tg P(gg) (=1, r—1 + qu(gg) (n—1, r+1) + qu(gg) (n—1,5)
(A.c.2)
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Z.
w2
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Expfeésing in terms of the P.G.F.’s and eliminating we get

1

(B—p?) ~p2t =21 = 0 0 0 0 0 0 0 0 0 0
E 0 0 -p% - —p® —p 0 0 0 0 0 0
E 0 0 0 0 0 —p%t—p2 -2 =% 0 0

0 E ;0 0 0. © 0. 0 00 —p? -# (—pzt"l—pz

—pgt®  “pgtt —pgt? ~pqt® E- 0 0 0 -0 0 . l 0 ‘0 0 0:

0 .0 0 0 —pgrt (E-pqt®) —pgt® —patt 0 0 0 ' 0 0 0,

0 o o o 0 o E 0 lpgt —pptS —pgt. —pa 0 0

o .o 0 o O o o0 E 0 0 0 0 —pgt® —patt —pat*.—pqt?

’ ¢ (”v Xﬁ)
=0

(A. c. 3)

0 +0° 0 0. "o 0 0 O —pgtt —pgt S (E—pgt™P) —pat™ 0 0
0 -0 0 0. .0 0 0 0 0 0 0 E  —pgtf 3 —pgi 2 —pqt 4—pqt 3

=gl —g® . 0 o .0 0 0 o o o E 0 0 0
0 0 0 0 —g% —g%% —g* —g% 0 0 0 0 0 . E 0 0
0 0 0 0 0 0 .0 0 —g2leg% =2 g%l 0 0 E 0

—pgr® - p‘qr'{ —pgt —pqt "85 0 0 "o 0 E ) 0 . 0 0 0
( 0 0 0 0 —~pgf 2 —pgt 1-—ptq —Mt 2 0 E 0 0 0 0 >

0. 0. 0 0 0 0 0 0 0 0 0 0 =g =g =g U(E-gP

SOILSILVLS TVINLINONOV 40 ALAID0S NVIANI FHL 30 "TVYNINOr t76[-
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Hence the recurrence relation connectlng the P.G.E.’, after evaluating
the determinant, is

T BN gt et +pqt-5}1 ¢ (n, Xz) =0 (A.c.4)
Putting t =€ i in (4:c.4) we get the dlﬁ’erence .equation of the M G"F ’s.
[E'® — E15 {p —{- q® -+ pge®® +pqe‘59}] M(n, X2) = 0 (A c 5)'
The only non- vamshlng root of the characterlstlc equatlon of (A c.5)
s o o
X ={p*+ g%+ pge + pqe 59}
which_ is unity for- 0 = 0 :
Thus ' ,
M (n, Xy) '—;_Al"z\" S e ‘ (A c.6)

where 4, is 1ndependent of n. Expressing A1 in terms of A and M 3, Xz)f
the lowest M.G.F. obtainable from (A.c.6) we can ‘write . (A.c.6) as

- M(n, X)) =M (3, X,) A8, o »(A‘.‘c.»7)'7
M (3, X,) is as given below. . '

M (3, X,) = {(p® + g% + 9p%*® (p2.+ qz)} , ;
+ {3pq (0* + q*) + 9%¢%} {9 + e‘39}
+ {3p%* (p* +- q2)} {e% - e*‘*e} {A.c.8)
+ P + e )

The rth cumu]ant of the dlstrlbut'lon is

"»i‘K, [w,logM(s Xa)] + (n *"3)[aofl°g)‘] L, BAed)

For § =0 e
M (3,X,) =0 L x‘—o

M" (3, X,) =54pg- . R S 50pq
M"(3,X,) = e /\"‘ =0
M"™ (3, X,) = 486pq (1 + 12pq) = 1250pg (A.c.10)

Using (A.c.10) the-first four cumulants of X, are obtained and gwen
below. . .

=0 =0 }( 1)
ook 7= (250 — 48) 2pq (62511—1632) 2pq (1= 6pq) )
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(d) Statistic X,

. 7 s n—i
X, = 2 (xr - yr) + PPN {xr ‘_yr+'i) + (xr+i '—yr)} (Adl)

r=1 t=1 r=1

. The difference equation for X, when s<C n/2 (n even) and < (n+1)/2
(n odd), can be deduced from an examination of the same for s =0, 1,
and 2. For X, X, and X, the characteristic equations are

Xoi— [o* — a&® (p* + ¢° + pgt + pgr)] =0

Xp— [a* — o (2 + ¢ +pgf® + pgt™)] =0

Xyi— [a® = o (p® + ¢* + pgr® + pgt=®)] = 0

It appears from the above that ¢ (n) for X, will be

b (n, X)) = 4, [p? + g% + pgtt®+D) 4 pgres+vs (A.d.2)
or the M.G.F. |

M (1. X,) = 45 [p® + q° + pget®+V6 4 pge 6] (A.d.3)
Putting A for the expression within the brace in (A.d.3) we get

M, X)) = A\ ' (A.d.4)

The approximate value of the rth cumulant of X, will be
i ~n[—b—'~ log )\]' . (A.d.5)
’ 26" p=o »

Thus
kK, =0 - kg =90 }

kg o (25 + 1)22pg o~ n Qs+ 1)t 2pg (A.d.6)

But the recurrence relation (A.d.2) and (A.d.3) do not hold when-

s> n/2 (n even) and > (n + 1)/2 (n odd).

The exact expressions for the expectation and variance of X, can
be worked out without using the relation (A.d.3).

Wemote E (x, — y,) = 0,
V ( — ) = 2pg, e
cov (xr — ¥r) (% — Yr+s) == Py,
. OV (X — ) (X — Vo) = P4 ,
The :ﬁﬁ‘connecj;.ed pairs like (x, — ¥)," (X;+: —~ ¥,.) are independent.

<

I Y

. aamas diiEa o eaad ammmahs e oo aadieaomBras o B
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Then
EXy) =wE(@x —y)=0
VX)) =w V(% —yr) ) ‘
‘ + wy cov (X — ) (% = yrtd) (A.d.T)
+ wp cov (X, — ¥) (Xt — Vi) '
== (wy - wy) 2pq for s < nj2 (neven) and < (n + 1)/2
(n odd).
When s> n/2 (n even) and > (n + 1)/2 (7 odd)
VX) =w, Vix, — ) '
+ wy cov (X, — ¥,) (X, — yers)
~+ wscov (xp — yr) (X4 - ¥
= (n + ws) 2pq (A
‘Where » ' ' -
w, = (nuniber of differences inX)=n@2s+ 1) —~s@+1)

.wz = 2 {number of connected péils like (x, — ¥, Xr — Yprs)
or (X, — ¥r), (Xris — ¥} wWhen s<<nf2 (n even; and
<@+ D2 (n odd)} :

=2s{n @2s + 1) — % (5s* 4 65 + 1)}
ws = 2 {number of connected paiis like. (x,—y,), (x;fy,fi)
s or (x,—¥), (Xits — ¥,) When-s > nf2 (n evén) and
>n+ D2 odd)} )
D =%{n(m—1)6s —n +2) —25(s2——1)}
It may be noted that the coefﬁclem of n in the variance of X when
s<nf2 (n even) and < (n 4- 1)/2 (n odd) is the same as in Ky (A 4.6).

When the probabilities for 4 and B ate (p1, 4i) and (p12 ¢5) for the.
ﬁrst and second samples respectively, the first two cumulants reduce to

wo=wi(pp—p)  and _
Ky = WZy.+ wyZ, for 5K n/2 (n even) and (n+])/2 (n 0dd)
= w,Z, + wyZ, for s> nj2(neven) and > (7 + D2
n (odd) (A.d.9)
where _ .
(qul + rsga) L _
Z« = {p1g: (01 + o) + @pe (0 + Pz) -2 (p: P
=1 + quz) A



B. Y Statistics

The Y Statistics are similar to the X Statlmcs with the algebralc dlﬁ"erences (x, — ym) replaced by
the absolute - values lxr y,+1 Lo oo S -
B. (a) Statistic Yy . B e

BTN . . . . L

g
L5
; .
v

The P G.F. and the cumulants of Yo are same as those of the Blnormal distribution with P = 2pq and Q =1—P
They are given below e .

The PGF. ' - ‘ W A
45 (n,Yo) =[p ‘l‘ q° + 2pqt]" - : 5 L. (B2
The cumulants are _ 5 : * - ‘ ‘
K = 2 ”an ’ 4 i . ' ) o I
ky' =2 npg (I — 2pq), S - . T (B.a.3)

k3 = 2npq (1 — 6pqg.+ 8pq®?) and ,
: wi=2npg (1 — 14pq + 48p°¢* — 48p°¢°) -
. (b) Statistic Y, . i-n ;
) ZIxr—yrl+Z{lxr Vf+1|+|xr+1_yrl} (Bbl)

As in the case of X; the dlstubut]on of Y1 can be discussed by deriving the difference equatlon connect-
1ngthePGF ’s or the M.G.F.’s. e .

Assuming Poay (1), Bay (o, 1), etc., as in X; the following relations can be established.

P(A) (m,r) = PzP(A) (n—1, r) +P2P(A) (’1,—1, "‘—1) + PZP(B) (n—1, r—1) +P2P(s) (n—1, r—2)
(A) (n,r) = qu(A) (n—1, r=2) +qu(A) (n—1, r=3) +qu(B) (n—1, r— 1)+PqP(B) (n—1, r—2)
(B) () = PaP(ay (n—1, 1—2) + PaF(a) (n—1, r—=1) +qu(a) (n—1, r—3) +qu(a) (n—1,r-2) -

P(g) (n,r)y = qu(ﬁ) ni—1, r—2) -+ qu(g) n—1, r—1) + qu(g) n—1, r—1) + qu(g) (n—1,r)
' . . (B.5.2)

SOLISILVIS - TVYNLINOINOV 40" XIAID0S NVIANI HHL 407 TYNYNOf 861
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Reducing in terms of P.G.F.’s. and eliminating

(E—p® —pu% - —p% . —pf
—pgt* (E—pgt)  —pqt  —pqt*
) q3 p?_g $(m Y)=0 (B.h.3)
—pgt —pqt  (E—pqt®) —pgqt '
—g*  —q™ —gt  (E—q3]

Fvaluation of the determinant reduces the difference equation to
[E* — B3 {p* + ¢* + 2pgt%} + E*{p°* (1 — 1) (1 — 1)}
+ E{p4q2t2 (1 _ t2)2 + 2P3q3t3 (1 __,!‘2)2 _{_ P2q4t2 (l_t2)2}
—pigt (1= ¢, 1)) =0 (B.b.4)
For n = 1, equation (B.b.4) will be ' , :
GG Y — 1 4 1) 0+ 2} , |
446 PP A (-0} + ¢ 2 YY) e (1)
‘ + 2p5q3t3 a— tz)i+ piie (1 — %)%} -
—¢ (L, )l — 1 =0 - © . (B.b.5)

With the substitution of ¢ (5, Yy), 4 (4, Y2),-¢ (3, Y1), ¢ (2, Y1) and
¢ (1, Y;) obtained by direct enumeration, the left side of -equation

) (B.b.5) vanishes. Putting = ef in (B.b.4) the difference equation
; satisfied by the M.G.F.’s is obtained. ' ’
. [E4—E3{p*+q+2pqe’e} 4 E* {p°q* (1—e'0) (1—e*)}
b - +E {pigte™ (1—e)? 4 2pigPe® (1—e)? :
‘ L pige®® (1—e%)% — pigte (1—e )] M (n. ¥) =0
S , (B.b.6)
For 0 = 0 the characteristic equation of (B.b.6) comes out to be
Be—1)=0 o (B.6.7)

| That is, in this case three roots of the characteristic equation of (B.b.6)
} vanish and the fourth root is unity. This property of the difference
{ equation makes the calculation of the cumulants much easier. Fol-

lowing the methods developed by one of the authors [1954] the first
" four cumulants of ¥, are evaluated and given below. -

- " Ky = 6npg — 4pq
| ke = 6npq (3 — 10pg) = 4pgq (5 — 18pq)
7 kg'= 6npg (9 —94pq + 232p*q®) 7
’ 4 ' T = 4pg (19 — 216pq + 560p%¢%), -
' ke, = 6npq (27 — 682pq + 4464p*q* — 8624p*¢°) ’
’ — 4pq (65 — 1806pg + 12,528p%q* — 25,296p%¢%).



(¢) Statistic Y,

= )_i‘ l xr_yrl ’Jr‘ ;:: g’-{l J;,—_V,ﬂ l + !xrh:*y}*\l} ‘ (BC])
Assuming P(“.) @, 1), P(M) (m, 1), etc., as in X, we can establish the following relations:
' - \A4 B4 .
P(M) (n.r) = p2P(M.) (=1, + p2P(M) (n—=1,r—1) + pzp(ﬁﬁ) (=L r—1) + PzP(AB«) (n—1,r—2)
P(AA) (n,r) = 2P(AA) (n—1,r—1) +p2P(,4A) (n—1,r—2) +p2P(AB) (n—1, r—2) +P2P(AB) (n—1, ’_3)
P(,m) (n,r) = 2P(BA) (n—l r—1) +p2P(BA) (n—1,r—2) + 1)2P(BB) (n—1, 1——2) + pt (BB) (n—1,r—3)
P(ﬁg) (n,r) =p ZP(g;l) (n—1,r—2) + Pﬂ’(gg) n—1,r—3) —}—p2p(gg) (n—1,r—3) _I_p2p(gg) (n—1, r—4)
P(gﬁ) (n, 1) =PqP(ﬁ) (n—1,r—3)+ PqP(gg) (n—1, r—4) + qu(ﬁﬁ) (n—1, r—2) + P?P(gg) (n—1,r—3)
Plaxy(1r) = paF(agy (1—1, r—4) + pgFaay (=1, 1—5) + pgP(am) (n—1,r—=3) -+ pgP(az) (1—1, r—4)
Paz) (1, 1) = paFany (n—1,7=2) + PaF(zgy (n‘—1, r—3) + pgPsy (r—1, r—1) + paP(az) (1—1, r—2)

Plazy (1) = paP(zay (11, r=3) + pgP(gay (1—1, r—4) + paP(5m) (11, r—=2) + paP(zm) (1—1, r—3)
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P(iﬁ) (n, 1) =qu(ﬁ) (n—1, r—3) - qu(ﬁg') n—1,r—2) 4 qu(gg_) (n—1,r—4) + qu(ﬁg) (n—1, r—3)
P(gg) (%ls r) =PqP(gﬁ) (n—1,r—2) + PqP(gg) (n—1,r—1) + qu(gg) (n—1, r—3) —}--qu(gg) (n—1,r—2)
P(ﬁﬁ) (n, 1) =PqP(§g) (n—1,r—4) + PqP(ig) (n—1,r—3) + Pqp(gg) (n—1,r—5) + qu(gg) (n—1,r—4)

P(gg) (n, r) =PqP(gg) (n—1,r-3) + PqP(gg) (n—1,r—2) + PqP(gg) (n—1,r—4) + PqP(gg) (n—1,r—3)

Proay (1, 1) = q*Praay (n—1, r—4) + ¢*Pras\ (n—1, r—3) + q®Pragy (n—1, r—3) + q®Pragy (n—1, r—2)
(32) (42) 9] (3) (48) =

P(gg) (n, r) = qu(gj) n—1, r—3) - qu(gg) n—1,r—-2) + q? (gg) (n—1, r‘—2) + qu(gg) (n—1,r—1)
P(gﬁ) n,r) = q2P(ﬁ2) (n—ll, r—3) + qZP(ﬁé) (n—1,r—2) + q2P(§§) (n—1,r—-2) + an(Eg) (n—1,r--1)

P(gg) (n, l‘) = qu(gﬁ) (n—l, I'——2) + q2 (gg) (n—l, r—l) + qu(gg) (n—l, r—l) + qu(gg) (n—l, r)
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It is rather difficalt to obtain the actual form of the difference
equation for Y, as the solution of the above determmant is laborious.
The first “two cumulants of Y2 are

10npq — 12pq ‘ :

IOnpq ¢ — 18pq) — 4pgq (25 — 94pq) B.c.4)
For ¢ =1, the above determinant reduces to E*® (E — 1). Therefore
when t =1, the characteristic equation is a5 (¢ — 1) = 0. _That is,
all the roots vanish except one which is unity. Therefore following

the arguments given in a previous paper (1954) it can be seen that all
the cumulants of this distribution are linear functions in .

() Stattsuc Y, N
Y = 2 Ixr_'y [ + Z 2 {I xr'—yrﬂl + |xr+4—.yr l} (B d 1)

It is not p_oss1b1e tQ deduce the diﬁ'erence equation of Y, as in the -
case -of X,. The exact expressions for the expectation and variance of .
Y, are worked out below:—

E|x, —y: | =2pq

VX —y: | =2pg(1 — 2pg)

Cov{l % —yr | 1% — yris [} = pg (1 — 4pg)
Cov{l X — yr| [ Xeti — 3 [} = pg (1 — 4pq)

and unconnected pairs are independeht.

So .
E(Y,)=w1El,x,—y,l=w12pq, T
V() =wmV({(x—y) : (B.d.2)

+ WZCOV(I X =l | % —yrﬂ D
+ Wy €OV (| x — [ | Xeti — 2 |)
= w12pq + w; 2pg (1 — 4pg)
P for s<nf2 (n evéh‘)‘~an&"< (12 (n odd).

When s> n/2 (n even) and > (n+ B2 (n odd) ‘

V(Y.) = w, 2pq + ws2pq (1 — 4pg)

where wi, w, and w, are as given in (A.d.7).

When the probabilities for 4 and B are (p,, ¢,) and (p,, qs) for the
first and second samples respectlvely the- expectatlon and varlance of
Y, will reduce to S
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E(Y,) = w1 (P + q102)
V{Y,) = wiZg+weZ,,  for s< nf2 (neven) and< (n-+1)/2
(n odd),
= wZy + wsZ, for s > nf2 (neven) and > (n+1)/2
: (n odd).

where
Zs = (p192+q102) {1 — (1142 -+ q109)},
Zy = {p19: (D1+42) + q1p2 (qu+p2) — 2 (P1get+qp0)s (B.d.3)
3. DISTRIBUTIONS OF X AND .Y STATISTICS

(@) Small Sample Exact Distributions—From the discussions regard-
ing the power of the tests in Section 4 it would be seen that for all practi-
cal purposes it seems to be sufficient if the discussions are confined to
the exact distributions of Statistics X, and Y; when »n ranges from 1 to 6.
The exact distributions of the Statistics X, and Y, for different values
of n (1 — 6 for X, and 2 — 6 for Y;) have been obtained for values of
p =201 (0-1) 0-5 and given in Tables I and 1I. These tables will
enable us to calculate the probability that an observed value of X or
Y, exceeds (or is less than) a certain quantity . The probability gene-
rating functions for X, and Y, are given in the Appendix.

For larger » the exact probabilities can be calculated by making
use of the recurrence relations for X, and ¥; (A.a.2 and B.5.4) and
the probabilities given in the above tables.

For X, the recurrence relations can be written as

d(n, Xo) = ¢ — 1, Xo) [p* + 4° + pqt + pqr™]
Equating the coefficients of ¢ on both the sides we get

P(n,Nx, =P(n—1,Nx, (p?+¢® + (P (n—1, r—1)x,
+ P(n—1, r--Dx} pq (3.a.1)

where P (n, r)x, is the probability of Xo Having a value r when the size
of the sequences is n. :

Similarly for Y, the recurrence relation is

p(n+4,Y) =¢ @+ 3, YD{p*+ ¢* + 2pg%}
— $ (142, ¥ {p2g2 (1 —18) (1—1%)}
—.¢ (n+1, Y {p'g** (1—7)*
+ 2774 (1—9° + pigit (1—?)
+ ¢ (n, Y {p'q"") A=)}




Exact probability distributions of Statistic X,
p="1; g="9.

T tEd

00
-0000

33

»

Xo
” , -
—6 -5 —4 -3 -2 -1 ‘ 0 ’ 1 2 3 4 5 6
|
1 -0900 -8200 -0900 . .
2 . +0081 -1476 -6886 1476 <0081 .
3 -0007 0199 -1837 5912 -1837 -0199 -007
4 0066* 0024 10329 -2057 5179 2057 -0329 0024 0066*
5 0006* 0003 0049 0457 -2182 <4617 -2182 -0457 0049 0003 0006*
-6 00581 | 0029% 0007 -0082 -0575 9246 | -4179 .2246 -0575 0082 -0007 0029* {00531~
*Prefix -00 to each entry.
1 Prefix -0000 to each entry.
’ TABLE I (Contd.)
p=-2; gq="8
XU
23
-6 -5 —4 -3 -2 -1 0 "1 T2 3 4 5 6
1 . 1600 -6800 1600 .
2 -0256 2176 5136 2176 0256 .
3 0041 -0522 2342 -4189 -2342 - 0522 0041
4 0007 <0111 0736 | -2347 -3598 2347 -0736 0111 0007
5 0010* | 0022 -0195 .0804 | .2289 -3198 2289 0894 -0195 -0022 0010*
6 1678t | o0428* 0046 -0279 1005 -2211 2907 2211 1005 -0279 .0046 | 0428* 1678f
* Prefix to each entry.
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TABLE I—Contd.

p=-3;9g="7.. i
Xo
-3 -2 -1 0 1 2 3 4 5 6
. -2100 | -5800 | -2100
. 0441 | 2436 | 4246 | .2436 | -0441 . -
<0093 | 0767 | -2397 | 3486 |. .2397 | .0767 | -0003
4 -0019 | -0215 | -0068 | -2284 | 3028 | -2284 | .0968 | .0215 | -0019
5 -0004 | -0056 | -0332 1086 | 2164 | -2716 | -2164 | -1086 | -0332 | -0066 | -0004 .
6 | 0086* | .0014 | .0103 | -0432 1154 | 2068 | -2484 | .2053 | .1154 | -0432 | -0103 | -0014 | 0036*
* Preﬁ)g *00 to each entry
‘ TABLE I—Contd.
p=-4; g=-6
‘ P
”n . N
-6 —-5 -4 -3 -2 -1 0 1 "2 3 4 5 6
1 .- -2400 | 5200 | -2400 _ ]
2 . . . . -0576 | 2496 | -3856 | .2496 | .0576 ..
3 . . 0.0138 | .0899 | -2362 | -3203 -2362 | -0899 | .0138
4| . . -0033 | 0-0288 | -1087 | -2212 | 2799 | -2212 | .1067 | -0288 | -0033 .
50 .. -0008 | <0086 | 0.0414
6 | -0002 | -0025 | -0146 | 0-0513
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o4
Y
~ ’
{
;\
! TABLE I—Contd.
p="5; g="5.
X
2 ) ) . . N N -
-6 -5 —4 -3 . -2 -1 i} 1 2 3 4 5 6
1 . . 2500 +5000 +2500 . . .
2 e . . <0625 2500 3750 - 2500 -0625 .
3 . . 0156 -0938 2344 -3125 2344 .0038 *| -0156°
4 . 0039 | 0312 -1094 -2188 -2734 -2188 1094 -0312 -0039
5 -0010 -0098 -0439 1172 2051 | -2460 -2051 -1172 0439 -0098 +0010 .
6 0002 -0029 -0161 0537 -1208 | .1934 | .2256 ‘| 1934 +1208 -0537 -0161 -0029 -0002
TaBLE 1I
 Exact probability distributions of statistic Y,
p=-1;9="9 :
.
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15| 16
2 | .6562 | 0 |-3276 | o 0162 | .. . . . . ..
3 | 5314 | 0 | .2495 | -1491 | -0390 | -0295 | 0 -0015 o . .
4 | -4305 | 0.] 2021 | -2150 | -0502 | -0749 | -0191 | 0053 | -0028 | © +0001 . . . .
5 |-3487 | 0 | -1637 | -2516 | -0535 | -1002 | -0526 | -0149 | -0119 | -0020 | -0007 | -0003 | © 0012*
6 |-2824| 0 | .1326 | -2666 | -0539 | -1129 | -0863 | -0258 | -0259 | .0092 | -0026 | .0016 | -0002 | 0082* | 0025* | 0 | 00O1*

* Prefix -00 to each entry.
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TABLE II—Contd.
p=-2;g="8

Y,

' 0 1 -2 3 4 5 6 7 8 9 10 11 ‘ 12 13 ‘ 14 15 16
2 114112 0 i 5376 | 0 +0512 e .. . .
3 2622 0 <2980 | -2258 | <1198 | 0860 | O -0082 e
4 -1678 0 +1902 | -2211 | -1229 | -1866 | 0676 | -0275 | -0151 0 -0013 . .
5 10741 O +1217-| -1951 | -0980 | -1928 | -1340 | -0721 | -0560 | -0139 | 0062 | .0026:| 0O +0002
6 0687 | 0 | -0779 | -1592 | 0759 | -1689 | -1577 | -0982 | 1023 | -0506 | -0227 | -0134 | -0028 | -0013 | -0004 | © 0034*

* Prefix -00 to each entry.
TABLE II—Contd.
P="3q="7.
Y,
” . .
0 1 2 3 4 5 6 7 8 9. 10 11 . 12 13 14 15| 16
2 +2482 { 0 -6636 | 0 -0882 . ., .
3 «1184 | O -2596 | -2621 | -2020 | -1394 | O 0185 . .
4 ‘ <0577 -0 <1252 | -1647 | 1678 | 2640 | 1252 | 0585 | 0332 | O 0039 .o .
5 {-0283| 0 +0612 [ -1044 | +0962 | -2047 | -1891 | 1445 | -1106 | -0357 | -0168 | 0078 | - O +0008 .
6 +0138 0 +0300 | -0630 | -0652 | -1329 ( -1565 | 1540 | 1720 | -1097 +0610 | -0355 | -0098 | -0045 ( -0018 0 -0002
|
‘h ’ ’ . .t
\
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TABLE II—Contd.
p=-4; g="-6

Yy
2 3 4 5 6 7 8 9 |10 |1 |12 | 18 |14 | 15| 16
7206 | 0 | 1152 | .. . . . . .
-2089 | -2772 | 32604 | -1751 | 0 | -0276 ) .. | .. . " . i .
0732 | ‘1132 | -1843 | -3019 | -1705 | -0840 | 0487 | O | -0086 | .. .
#0260 | -0486 | 0763 | -1801 | -2131 | :1991 | 1513 | -0574 | -0271 | <0133 | o | 0016
/

+0093 | 20203 | 0314 | -0840 | -1274 | 1735 | .2093 | -1578 | -0078 | 0562 | -0185 | -0082 | -0036 | 0 | 0004

TABLE II—Contd.
p=.'5; g =-5.

SEONENDAS TVINONIE OML ONIMVAWOD SOILSILVIS AWOS NO

¥y
2 3 4 5 6 7 8 9 10 11 12 13 14 15| 16
7500 | 0 1260 | .. . . .
11875 | s2812 | 2812 | -1875 | o (0813 | .. .. . .. . . . .
{0547 | <0937 | ‘1875 | 3125 | -1875 | <0937 | 0547 | 0 0078 . e
- -0156 | ‘0313 | ‘0664 | .1660 | .2187 | -2187 | 1660 | 0664 | :0313 | -0156 0 -0020 ro
10044 | 0098 | 0225 | 0644 | <1128 | “1758 | 2197 | :1758 | 1128 | -0644 | :0225 | 0008 | 0044 | 0 | <0005 B
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“Equating the coefficients of ¢ on.both the sides the followmg rela-
tlon is obtained :—-
P (n+4, Ny, =P (n—{—3 My, (p®2+4q% + P (n+3, r—3)v,2pq
—{P@m+2,r)y, — P(n+2,r—2v, ,
— P(n+2,7—48)y, + P (n+2, r—6)y} p2q®
—{P (1+1,r=2)y, + P (11, r—6)y,
— 2P (n+1, r—4)y,} p*q* (p*+4?)
—{P (41, r=3)y, + P (u+1, r—T)y,
— 2P (n+1, r—5)y} SZAp3q3
+ {P (n, r—2)y, — 4P (n, r—4)y,
+ 6P (n, r—6)y, — 4P (n, r—8)y,
+ P (n, r—10)y,} piq* . (3.a.2)
- From the relations (3.4.1) and (3.a.2) the probabilities P (, r)xo
,and P(n+ 4,r)y, for any n (> 6) and r can be obtained by substitut-
ing“in the right-hand side in succession the values taken from the

‘Tables I and II. It is proposed to prepare 51m11ar tables for higher
values of n and s.

(b) Asymptotic Distributions.—It has already been shown in Sec-
tion: 2 that the first four cumulants of X, and ¥, for s = 0, 1 and 2 are
linear functions in n. In fact so long as . sis finite it. can be easily.
-established that the cumulants of any order will be linear function in

nand - :
' 1

Ve = K?jﬂ = 0 —! —> 0

Ky z n’ )

as n— 00 and therefore the dlstrlbutlons tend to the normal form
‘so long as p is ﬁmte

. For larger values of s and » when s = nf where f is a finite frac-
tion it would be noted that the first two cumulants of X, and Y, are of
degree 2 and 3 respectively in n. From the ideas developed in a previous
paper (1952) it can be noted that the rth cumulant will be of degree (r--1)
in n. This can be seen from the fact that the rth cumulant is » times
the expectation for r connected differences like (x, — ), (x, — ¥,
. (%; =y-pretc. The highest degree of s will correspond to the expecta-
non of these dlﬁ'erences wherein the connected differences. will involve
__maximum number of, observations. In.the particular type of distribu-
tions discussed here the number of ways of obtaining r connected differ-
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ences wherein a maximum of (r 4 1) observations are, involved is
(2s + 1P This is obtained by associating any observation of the
first or the second sequence with r observation selected from the @s+1)

‘nearest observations of the other sequence.._. Thus_the degree of .z .in

the rth cumulant will be (r + 1). Hence

_ Kito _ 1 :
=T =0 () 20

as n — oo,

It follows that the asymptotic distributions of X, and Y, for any
value of s will take the normal form.- It will further be noted that X
statistics are always symmetrical. But Y, is symmetrical when p = ¢
= 4. When p is very small the distribution of Y, tends to the Poisson
form. '

4 POWER OF X AND Y STATISTICS FOR COMPARING Two
BINOMIAL 'SEQUENCES

In view of the fact that the distributions of the: Statistics fend to

‘the normal form for large values-of n they can-be-used-for comparing

two binomial sequences. This may be done by calcalating the:stan-
dardized deviates of-the observed values-of the..Statistics. 1t would
be worth while to examine how.the tests are .affected-when s:increases.
One of the ways of doing this is to calculate:the: power of the tests for
different values of s and this has been done for. X, and ¥, for n = 30 -
and Hy: —p; =p, =0-5 and alternatives p; = 0- 5 and p, = 0:1,:(0-1)
04 and given in the Tables IIX and 1V. These tables show that..the
power of X, is maximum for s =0. As regards Ys, its power mcrq:ases
with s and attains a maximum at s = (n — 1). .The i mcrease in; power .

TABLE 111 ,
- Power of X, for testing the difference between two binomial samples
Hy:py=p; =5 gy =g = 5, n =30, a =0:05 LNn

Altematives p'__»_- .

5 B . . - .

.1 2 3. 4 »

= R s R : "‘-,'A;ﬁ‘tf

. . - RS 1 i+

0 91681 -66089 33459 Hgsi
1 | -91308" 65206 | ssall - [ -lisol
5 +90847 +64363 32671 - - _+11655
10 © 90427 63723 - | 3984 | .11560
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TaBLE IV

Power of Y, for testing the difference between two binomial samples
Hy:py=pr="5 @a=¢g= "5 n=30,a =005

Alternatives gy
g .1 .2 -3 4
0 ‘ +05000 05000 05000 +05000
1 +19164 13310 08692 05908
5 . -45658 -34658 21354 . 09412
10 57000 -46306 ++30994 +13066
.15 -61972 ' +51844 -36338 +15640
20 . 64298 54514 »39092 17162
-25 +65438 +55846 -40508 18020
29 +65766 +56226 40920 . 18234

is small after a certain value of s ranging from 5 to 20 depending upon
the value of the alternative p,, When n is small and ranges from
2-6, Y, and X, can be used for the purpose of comparison on the basis
of the exact distributions given in Tables I and II.

Comparing Tables III and IV it would be noted that the power of
Y Statistics- for s > 15 is slightly more than that of X,. It appears
therefore that the Y Statistics (s > 15) may be more powerful than X,.
Detailed investigations on the relative efficiencies are in progress -and
will - be published separately
5. SUMMARY

The distributions of a number of Stattsttcs arlslag from two bi-
nomial sequences

{x}—x1, X5 X5, ooy Xa

)— i voo Yoo - s I ‘ ‘
have been discussed in this paper.“ The Statistics considered are the
following \—

Xo= 200+ 2 T 0 e+ G =)
B e i e AR Etr

(s=0,1, 2,_..L., n—1).
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It has been shown that all these distributions tend to the normal form
as n —>o0o. The standardized" dev1ates of these Statlstlcs can be used
for testing the significance of two binomial sequences. The exact
distribution of X, (n taking values 1 to 6) and Y; (n taking values 2 to 6)
have been given. Distributions for n> 6 can be evaluated- by using
the recurrence relations given in the paper.

The power of the Statistics X . and Y, for'differf;nt 'values‘ of s for
Hy: p; =ps = 0-5 have been given for n =30 and alteinatives p,
=0-5 and p,=0-1 (0-1) 0-4. ' ' '

Our thanks are due to Shree S. P. Varma for helping us in com-
putations involved in this paper. -
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APPENDIX -

The probablhty generatmg functlons for X,(n=1~6) and I
Yi(n= 2 — 6)are glven below:—
4. X) = (p2 +a) +pq G+
CF@X) = (B gt 4p%Y
+ 2pq (P47 (117
+p2q2 (t2+t—-2)
$ G, Xo) = {(p°*+4° + 9p q* (p2+q2)}
+ (3pq (449 + 9P} e+ 10)
+ (% (P ()
(P
¢ (4 Xo) = {(p°+4°) + 16pq (p“+q4) -+ 36p*q*}
+ {4pg (P*+4°) + 24p%° (p>+¢%} (-4 )
+{60%¢* (p"+4) + 16045} (207D
+ @ (P} ) )
+ pgt (1),
$ (5 Xo) = {(PP+4%) + 25p%* (p°+4°) + 100p¢* (p*+¢O)}
+ {5pq (p°+4°) + 50p°¢ (p*+4°) + 100p°°%}
X+ 1)
+ {10p2q2 (p6+q6) + 50p4q4 (p2+q2)} (t2+t—2)
-+ {10p°¢® (p*+q*%) + 25p°g®} (P+17%)
+ {5p'¢* (p*+q%} (14179
+ p5q5 (t5+l_5).
¢ (6, Xo) = {p*2+¢'?) + 36p%q® (p°+¢°) + 225p*q*(p*-+4*) + 400p°¢°}

X

+ {6pg (p*°+4q*°) + 90p%¢® (p°+q°)
+ 300p%g® (p*+¢®)} (t+17Y)




. ON SOME .STATISTICS . COMPARING TWO BINOMIAL sEQUENCES . A8
.+ {15p%® (pP-+¢°) + 120p*¢* (p*+4°)
| . +225p%qS} (12 +-173)
oo {20p%3 (pS4-¢°) + 90p%gt (PP g7} (P17
+ {15p%q* (p*+¢) + 36p°¢%} (¢*+17")
5 {60%0° (PP} (1)
+ g (9. |
$ @ YD) = (a9

| | + 12 {apg (*+4%) + 4%’}
o trerey
£
L

¢ (3, 1) = (p*+4°%)
+ 12 {4pq (p*+¢*) + 20%¢* (P*+4)}
+ 802pq (P +4Y + 4p°¢* (P*+4°) + 65°%)
+ 1 {5p% (p*+ 4D + 85°6%)
+ 15 {4p%g* (p*+4?) + 4°¢°)
+ 1 ().
PO =0+
r + 1 {4pq (p°+4% + 20°¢* (P +¢°) + e}
+ 18 {4pg (P°+4°)+4p*¢ (g9 + 3P ¢(p*+ 4%}
: - 4 {8p%g2 (pA+4Y) + 125°¢° (p*+4%) + 8p'g’}
| + 15{12p% (P4 + 165°¢° (p2-+q?) -+ 24p*¢%
£ 200 (044 + 125°° (p*+4) + 200"}
f S {85 (PP ) + 8P
| S 4 8 {Apdg (pPg®) + 6piet)
+ 1°2p%q*.
¢ G, Y = (p1°+q1°)
" ' + ? {4pq (p8+q“) + 2p 7* (p*+4%)
o 2plq (P2+‘12)}
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[

-+ 2 {6pq (p®+4°) + 4p%q* (p*+q°)

+4p°¢° (P*+4%) + 4p°¢}

+ #{11p*q* (p°+4°) + 12p°¢* (p*+¢%
+ Tp*g* (p2+42) + 8p°gs}

+ 5 {20p%¢® (p°+4°) + 26p°¢* (p*+4*)
+ 28p%* (p*+4% + 22p%¢%}

+ 1 {8p%¢* (pS+4°) + 32p°¢* (p*+4%)
+ 48p*q* (p*-+q°) + 48p°q°}

+ 1" {24p°¢° (p*+4*) + 56p'¢* (p*+4?)
+opsgt

+ 18 {20p%¢® (p*+¢*) + 37p%¢* (p°+4%)
+ 56p5¢%}

+ £ {2p°¢* (p*+4¢*) + 16p°¢* (P*+¢°)
+ 32p°¢%}

+ 0 (129 (5*+4%) + 8°°)

+ 11 {4piq* (p*-+4°) + 8p%q%}

+ 112 {2p%q"}.

L $.(6, Y).= {(p*2+4*>}

Ay e

+ 22 {4pg (p*°+-¢*) + 2p%¢* (P*+-4°)
+ 2p'q* (p*+49 + 2p%5}

.+ 2 {8pq (p©+4*) + 4p%q® (p°+4°)

+ 4p°q® (p°-+¢°) -+ 4p°¢® (P44}

+ £ {14p*q* (p°+4® + 120°¢® (p°+-¢°)

+ 8p%q* (p*+4*) + 8p°° (PP+4°) + 8p%q}
+ 15 {28p%¢* (p°+4°) + 36p°¢® (p°+¢°)

+ 28p*q* (p*+q*) + 28p°q® (p*+¢?) + 24p%q°}

+ 101189 (P*4+4%) + 520°0° (p*+4)
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+ 72p%¢* (p*+4q%) + 56p°¢® (p2-+42) + 66pqS}

) + t7{52p3q3 (p6+q6)+ 116p4q4 (p4+q4) :

4 124p5¢° (p>+¢% + 136p%¢%}

+ 12 {52p°¢° (p°+¢°) + 109p%q* (p*-+q%)
+ 196p°g® (p*+4?) 4 186p°¢°%}

+ £{125°¢° (p°+4%) + 84p*g* (p'+¢%)
+ 164p°¢® (p*+4q*) + 200p°4®}

+ 19 {46p88 (ph-£4) + 108p5g5 (p*4-¢¥)
+ 154p4%}

+ 1 {28p%¢* (p*+-¢*) + 64p°q° (p*+4?)
-+ 80p°q°®} |

220 (0* %) + 200%° (p+-q2) + 48p%8)

+ £3{16p°¢® (p*+4¢?) + 8p°q}
+ 1 {4p°q° (p2+4¢?) + 10p%g}
+ 16 {ZPGQ(_;}-




