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I. Introduction

For two sequences of, observations {x} and given by

" W—

W—>'i> yz, Vu

where x's and ;;'s take any of the values 6^, 6^, Oj. with prob
abilities Pi, P2, ...,Pjc, Iyer (1954) has discussed the probability dis
tributions of the Statistics 2 —y^, S\xr ~ yT\ and 2 (x, —
arising from considerations of simple matchings and suggested their
application for testing the homogeneity of the two sequences. In
an earlier note published in Nature (1953) it was suggested that the
probabiUty distribution of the Statistics

• 2\ Xr-yr 1'+ 2 \ Xr+i-yr [ + . . . + •S' l Xr+,~yr \

.. + ^ I^r- I + -^1Xr-yr+2 1+ ••• I'^r-Jr+a 1 J

can be studied to find out an optimum value of s for the purpose.
Following the above lines we formulate three Statistics X„ Ys and Zs
defined as

' Xs == 2 {Xr - yr) + Z "2 (Xr - yr+i) + Z (Xr+i ~ yr),
r=sl i=l r=l i=l r=l

Ys = 2 \ Xr ~ yr \ + Z Z \Xr —yrH \ + 2 1 [
r=l i=l f=l f=i

and

Z, = Zi {Xr —Vf)^ 2j S (x,- Jr+i)^ 2j 2j (x^+i —Jr)^)
r=l ' • • • • .-=1 r=l • i=i r=l

where s can take values from 0 to (n — 1).

The probability distributions of these,-Statistics can be studied
J' with a view to finding an efficient test for the purpose of comparing

two sequences. It mayjbp noted that Yg and Zo correspond to
^ (xx. —.yr), ^ \Xr —yr]: &T^^ respectively. The first two
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moments of these three Statistics have been calculated by Iyer (1954)
and he has stated that all the cumulants are linear functions in «,
the size of the sample and hence as n increases the distributions will
take the normal form. The distributions of the Statistics X^, Fs and
Zs for 5 > 0 are under investigation.

The discussions of the above Statistics for two binomial sequences
are comparatively simple, but do not appear to have been dealt with
so far. In connection with a psychological investigation McNemar
and Cochran have discussed a method for comparing the percentages

,in matched samples. For two matched samples involving binomial
characters A and B, if b and c are the number of matched combina
tions {AB) and {BA) then the test proposed by them consists in calculat
ing

{b - cf
X' {b + c)

(d.f. = 1).

This involves the assumption that the probabiUty of matched combina
tion {AB) or (BA) is But this test is different from the Statistics
Xo, Yo and Zo which are also based on simple matchings.

The object of the present paper is to discuss the probability dis
tributions of the Statistics Xs, F, and Z, for the case of two binomial
sequences, where x's and j's are either A or B with probabilities p and q
respectively, by adopting the following system of scoring.

(;c-3;) = {A-B) (•+ 1 1x-j 1= IA-B \ "+ 1 (x-;')' ^ {A-Bf
- 1 =1B-A 1 +1 = {B-AY

M-Af

0 = / or
\{B-Bf

Obviously, according to the scoring system, adopted, the Statistics
Yg andZs arethe same. Hence we shall confine ourselves in discussing
either of the two only. The purpose of discussing such Statistics is to
develop a method of comparing two binomial samples on the basis
of the order of occurrence of the individual observations or in other
words comparing two binomial sequences.

As is seen from above, these Statistics are based on a footing entirely
different from that of the usual 2x2 contingency used for comparing
two binomial samples. X^ and, Y^ do not exist when the order of
observations is not maintained. However under some assumptions

= {B-A)

{A-A) A-A

B-B

+ 1

+ 1

0
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they are comparable with the test. Even in that case because of
the inclusions of additional information regarding the order, these
Statistics are reasonably expected to provide more reliable tests than
the where the order is completely ignored. The actual applications
of these Statistics and their powers vis-a-vis 2x2 contingency will
be the subject of a separate paper.

2. Probability Generating Functions and Cumulants
OF the Distributions

A. (a) Statistic Xo

Xo= 2 {Xr - y,) (A.a. 1)
r=l

According to the system of scoring defined earlier, Zq is the number
ofpositive differences {A —B) minus the number ofnegative differences
{B —A) observed by matching the individuals of the samples on the
basis of the order of observations.

The probability generating function (P.G.F.) ^ (n) for the Statistic
Xf) is

<!> (n, Xo) = Ip' + q^+ pqt + pqt-^T {A.a.2)

The first four cumulants of this distribution can be readily cal
culated and they are as follows:—

Ki = 0, /ca = n 2pq, Kg = 0, = n 2pq (1 - 6pq) (A.a.3)

{b) Statistic X^

X^= I! iXr-yr) + (^r-Jr+l) + ^2 (^Cr+l "Jr) (A.b.l)
r=l r=l r=l

The distribution of Zj is more complicated than that of X^. We
shall discuss this distribution by obtaining the recurrence relation for
the P.G.F.S.

Assuming (n, r), (n, r), (n, r) and P^b^ (n, r) to be
the probabilities of X^ taking a value r for n observations according
as the first observation of the two sequences are as given in the
suffix, the following relations can be easily established.



(n, r) (n—l, r) + (.n—l, r—l) + («-!' '"+1) + (P—^> '")

P^A-^ in, r) =pqP^A^ {n-l,r-2) + {n-l, r-3) + PqP{B^ in-\, r-l) + PqP^B•^ {n-l, r-2) .,

P(B) («, r) = (n —l, f+2) + PqP(^A-^ (n—l, r+1) + pqP^B^ (n —l, r+3) + M^(b^ (n —l, r+2)

vo
o

o
G

>
r

b

(A.b.2) ^
2;
a

>
z

c«

O
O

or

Reducing these equations in terms of P.G.F.'s and eliminating we get

(E-p') t

-pqt^

-pqt

-q^t

-p^t^ -p"

(E-pqf) -pqt

-pqt^ (Ef-pq)

-qH^ -q'

-pH

-pqt^

-pqt

(E-q^) t

<!> (n, Xi) = 0

(A.b.3)

where <f> (n,X-^) is the P.G.F. of for n observations in each of the sequences.

Solution of the above determinant reduces {A.b.3) to

[E* - EHp"" + q^ + pqt^ + P(?r»}] <f> (n, Zi) = 0 (A. .4)

f («+4, JTi) ->,(«+3, X,){p^+q^+pqt^+pqt-^} = Q
For n = 1

^ (5, Zi) - HA,X^){pnq^+pqi'+pqt^} = 0 .

(A.b.S)

'A.b.ei

o
•t]

>
o
?3

o
c

c

i
Q.
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On substitution of the directly enumerated values of <j> (5, Xj)
and <^(4, the left-hand side of (A.6.6) has been found to vanish.

By putting t = e® in (A.i>.4) the difference equation connecting
the moment generating functions (M.G.F.'^) is obtained.

[E'̂ — {p^ + + pqe~^^]] M =0 (A.bJ)
We note that the characteristic equation of {A.b.l) has only one

non-vanishing root A == {p^ + + pqe'^ + pqe~^} which is unity
when 0 = 0. Then

M {n, Xi) = A^X" (A.b.i)

where is a constant independent of n and can be written as M (2, Xi)IX^,

where

M (2, Xi) = ip' + Ap^q^ + q^) + Ipq (p^ + q^) (e'S + e'^e)
+ pY + e-^6) iA.b.9)

Thus •}

M (n, Xi) = M (2, X^) A-^ • (A.^. 10)
The rth cutaulant of the distribution is

{log M (2, Zi) + (« - 2) log A} (A.fe.ll)
J

Differentiating M (2, Zi) and Ain succession and putting 0 = 0, we get
M' (2, Zi) = 0 A' = 0

M" (2, Zi) = 16;;^ . A" = 18^

^"' (2, Zi) = 0. ,y" = 0 C (A.6.12)

M"Xl, Zi) - 6Apq (1 + 6/79) A"' = mpq
using (A.Zj.11) we obtain

= 0 Kg = 0

^2 = (9rt —10) 2pq = (81«—130) Ipq (1 —6pq)
(c) Statistic X^

X2 •= S (Xr —jr) + -S" {(Xr —j^r+i) + {Xr+i - yi)}

I
f

r=l

n—2

1 (A.6. 13)
1—6»(7l i

+ 2 {(Xr —Jr+2) + (^r+a —Jr)} (A.C. 1)
r=l

As earlier, assuming («, r), P^aa\^ '"), etc., as the prob
abilities of X^ having a value r :when «.is the size of the,sequence and

fAA\ /AA\the first two observations of the sequences are f J, etc., the
following relations are obtained.
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Hence the recurrence relation connecting the P.G.F.'s, after evaluating
the determinant, is ,

[£16 _ £16 (^2 + + pqtlr^pqt-^)] f (n, Za) •= 0 (A.c.4)

Pitting t = e& in ,(^;c.4) we get the difference ,equation of the M.10lF.'s.
[£16 ^ £18 [pi + ^2 _)_ pqg5e -j^ pq^e-^Q}] "m (n, Xj = Q fA. c.5)

The only non-vanishing root of the characteristic equation of (A.c.5)

is

^ = {p^ + "+ pqe^^ + 'pqe~^^},
which, is unity for 0 = 0. ' -'

Thus

Af («, A" " ' (A.C.6)

where is independent of n. Expressing Ai in terms of Aarid M (3,
the lowest M.G.F. obtainable from (A.c.6) we. can write (A.c.6) as

M{n,X^) = Mi3,.X2)X''-^ ; (A.c.yf

M(3, Z2) is as given below. .

M(3,X^, = {(j,^+,f) + 9pY(p' + q^)}:,
+ i^Pq(P^ + q') + W) + e-'&}

' + {3/?V (/"^ + ?^)} {e®® + e-"®}- (A.C.8)
+ -j- e-ffl}

The rth cumulant of the distribution is

M (3, X^) + (n -^ 3)
LOP Jff^o .7)0'

log A
6=0

(A.C.9)

For 6 = 0 =

M' (3,X,)=0

. M" (3,X,) =:54pq . ^ - •

M'"(3,X,)-=0

(3, X,) = 486pq (1 + 12pq)

A' = 0

A"=50m

A'" =0 ^ '•

A'̂ = 1250pg (A.c.lO)
Using (A.c.lO) the first four cumalants of aie obtained and given
below.

Kl = 0 /c, = 0

—(25/? —48) 2pq = (625/J—1632) 2pq (1-^-6/79)1 ;
(A.C.11)
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{_d) Statistic X,

{Xr - yr) + 2 S {Xr - JV+i) + {Xr+i - Jl'r)} (A.(/. 1)
r=l i=l r=l

. The difference equation for Xg when njl {n even) and < («+l)/2
(n odd), can be deduced from an examination of the same for s = 0, 1,
and 2. For Xq, Xi and X2 the characteristic equations are

Xo[a-" - (p^ + + pqt + pqr'^)\ = 0

Zi[a^ - a® (>2 + g2 -j-pqt-^)] = 0

Xi — [a" - a" (p2 + pqt-^)] = 0

It appears from the above that ^ (n) for X^ will be

i (n, X,) = A, [p^ + q^ + + p-c/r<2»+i)]» (A. d. 2)

or the M.G.F.

M («, X,) =A2[p^ + q^+ pqe^ '̂+^^e (A. rf.3)

Putting A for the expression within the brace in {A.d.3) we get

M (n, X,) = A^X" {A.d.4)

The approximate value of the rth cumulanl of Xg will be

1 ^ (A.rf.5)
-19=0

Thus

= 0 ><3 = 0 I

/fa n(2s + 1)® 2pq n(2^ +1/ '̂ Pq ^ (A.i/.6)
But the recurrence relation {A.d.2) and {A.d.3) do not hold when
s > «/2 (n even) and > (n + l)/2 {n odd).

The exact expressions for the expectation and vaiiance of Xs can
be worked out without using the relation {A.d.3).

We;note E {x, — y,) = 0,

V (Xr —:^r) = 2pq, ..

cov (Xr - yr) {Xr - >',+J == pq,

. : cpv {x, ~ yr) (Xr+i - y^) = pq.

The unconnected pairs .like —3'r)> C*r+j — Jrr,) are independent.
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Then

EiX,) = w^EiXr-yr)=0

ViX,)=w,V{Xr-yr)
+ Wz COV (Xr —a) (^r - 7r+i) {A.dJ)

+ Wa COV (X, - yr) (xh-1 — y,)

—(Wi + W2) 2pq for .« < n/2 (« even) and < (« + l)/2
(« odd).

When \ > /j/2 (« even) and > (n + l)/2 (n odd)

ViX,) = w,V(Xr-^yr)
+ W3 COV (Xr - y,) {Xr ~ Jr+i)

+ Wg COV (Xr - yr) CVrfi - Jr)

'= {Wi + W3)2pq

where

Wi = (nuniber of differences in Zj) = « (2j + 1) ~ ^ (« + 1)

1V2 = 2 {niimber of connected pairs like (x, —y^), (JCr —Jrn)
or (Xr —yr), (ATrti —Jr) whcii s < nj2 (n even) and
< (« + l)/2 (« bdd)}

= 2s {n (2s + 1) ~ i (5^2 + 6s + 1)}

W3 = 2 {mimber of connected paiis like (:>Cr—Jr). (*>—Jr+i)
or (x-f—Jr), —>'r) when j > «/2 {n even) arid
> (n + l)/2 in odd)}

: = i {n (« - 1) (6s~n + 2j- 2s (s^ - 1)};
It may be noted that the coefiibieni of n in the variance of when

n[2 (n even) and < (n -f- l)/2 (« odd) is the saiiie as in (A.if.6).

When the probabilities for A and B are and {p^, q^Jdr the
first and second samples respectively, the first two cumulants reduce to

where

K, = w^ipi -ps)

Ka = .WiZv+ W2Z2

= WiZi + W3Z2

and

for s < «/2 (n even) and < («+f)f2 (n odd)
for s > «/2 (/Ieven) and > (« + l)/2

n (odd) (A.rf!9)

Zi —{Piq-L + Piq2) •r%
Zz = {piqz CPi + ?2) + q^Pi {Qi + P2) - 2 (p^ -

= (J>i9i +



B. Y Statistics

The: YStatistics are similar to the X Statistics with the algebraic differences (.-c, — replaced by
the absolute -values' •] x/ —y,^ |. • ' --r;
B. {a) Statistic 3^ J V- '

•; V' i l^r -iri (B.a.l)
The P.G.F. and the cumulants of are same as those of thei Binomial distribution with P = Ipq and 2 = 1 —P-
They are giveji below. - -

The P.G.F. - ; - 1
^ 'l>(n,Y,) = [^]^q^Jr2pqtf V i

. The cumulants are - - : ' -

/<i = 2 npq,
ic^ = 2npq(\ - 2pq), , , '
K3 = 2 npq{\ ~^ 6pq -\-2,p^q^)B.nA
Kl^2npq{\ —lApq + A^p^q^ —A%p^^)

(b) Statistic i - :
»» it—1

. , = S\ X, I +-S .(kr .y,+i I + |;c,+i - A |} (B.6.1)
r=l —-

(B.a.2)

(B.a.3)

As in Ihe case of Zj the distiibution of can be discussed by deriving the difference equation connect
ing the P.G.F.'s or the M.G.F.'s.

Assuming («, r), P^s^ (n, r), etc., as in the following relations can be Established.

-P^B) («, r) = pqP^^ in—\, j-2) +PqP^A>^ («-l, '•-1) +PiP(By{n-l, r-S) +pqP^B^ («-l, r-2)

\%) ^ ''-1) + («-!' '•)
(B.fe.2)
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Reducing in terms of P.G.F.'s. and eliminating

(E-p^) -pH -pH V

-pqt^ (E-pqf) -pqt -pqt^

-pqf -pqt {E-pqf) -pqt^

-q^t^ -qH -qH {E-q^)

Evaluation of the determinant reduces the difference equation to
{E' - E' {p^ + q^ + 2pqf} + E^ {pY (1 - t') (1 - f')}

+ E{p^f (1 - fy + ip^f (1 V (1
- pYt^ (1 -m ^ («, Ti) = 0 (B.Z).4)

For n = 1, equation (B.6.4) will be

^(5, 70-^(4, +
+ <I>(3,Y,) {pY (1 -f) (1 -t')} + (2, Y,) ip'q't' (1 -tr
+ li^qH'' (1 - ty + pV (1 - ty}
- (1, 70 (1 - ty) = 0 ' (B.fe.5)

With the substitution of 4 (5, Yi), 'l> (4, Fi),^ (3, Tj), ^ (2, 7i) and
(j> (1, Yi) obtained by direct enumeration, the left side of equation
(B.fc.5) vanislies. Putting t = in (B.6.4) the difference equation
satisfied by the M.G.F.'s is obtained.

[E^-EHp^+q^+2pq^^} + EHpY (1-e'®) (1-e'®)}
+ E{pYe^^ (1 + We®® (1 -^20)2
+ pYe'̂ iX-e'G'f] M\n.. 7i) = 0

(B.i.6)

For 0 = 0 the characteristic equation of (B.b.6) comes out to be
a='(a-l)=0 (B.6.7)

That is. in this case three roots of the characteristic equation of (B.6.6)
vanish and the fourth root is unity. This property of ,the difference
equation makes the calculation of the cumulants much easier. Fol
lowing the methods developed by one of the authors [1954] the first
four cumulants of Y^ are evaluated and given below.

• = 6npq — 4pq ' ' .

K. = 6npq (3 - 10;??) - 4pq (5 - \8pq).,
6npq(9-'^'ipq + 23,2pY) ' . \'

^Apq (19 - 2\(,pq + S^QTpY),

= (>npq (27 - (>npq + 4464^^^^ - ^mpY)'
- Apq (65 - 1806;;^ + \2,518pY - 25,296pV)-

,i(n, rO=0 {B.b.3)
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It is rather difficult to obtain the actual form of the difference
equation for as the solution of the above determinant is laborious.
The first two cumulants of 7, are

*1 = lOnpq — 12j)q

Kg = lOnpq (5 —18pg) —4pg (25 —94pq) (B.C.4)

For ( — 1, the above determinant reduces to (E — 1). Therefore
when ( — 1, the characteristic equation is (a —1) = 0. That is,
all the roots va:nish except one which is unity. Therefore following
the arguments given in a previous paper (1954) it can be seen that all
the cumulants of this distribution are linear functions in n.

(d) Statistic Ys
n—^

Ys= U \Xr-y, I + ^ Z" {1 I + I J', 1} (B.</.1)
>•=1 i=l r=l

It is not possible to. deduce the difference equation of Yg as in the
case of X,. The exact expressions for the expectation and variance of
Ys are worked out below:—

E\Xr ~ y,\ r=2pq

V\Xr-yr\^2pq{l-2pq)
Cov {| x, —Vr I I- yr+i j} =pq{\ —4pq)
Cov {| a:, - ;v I IXr+i - = pq (1 - 4pq)

and unconnected pairs are independent.

So

E (Y,) = w-i^E\xr —yf\ = Wi2pq,

V(Ys) =w^Vi\xr-yr\) (B.d.2)
+ M'2Cov(| x,I jc,I)
+ WgCovd j | Xr+i ~ yr |)

= Wi 2pq + )V2 2pq (1 - 4pq)

• ' for m/2 (n eveh) and < (n-fl)/2 (n odd).
When 5'> «/2 (n even) and > (n + l)/2 (n odd)

K (r.) = Wi 2pq + Wi2pq (1 —4pq)

where wi, Wj and are as given in .{A.d.l).

When the probabilities for A and B are {p^, q^ and {p^, q^ for the
first and second samples respectively the expectation and variance of
Y, will reduce to ,
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V(Ys) = w^Zg+WzZi, for j<rt/2 (n even) and<(/j+l)/2

(n odd),

= W1Z3 + WgZ^ for s > nj2 (n even) and > (rt+l)/2

(n odd).

where

Z3 = (Piq2+qiP2) {1 - (Pi^i + qiPi)},

Zi = {Piqi (Pi+q2) + qiPi (qi+Pi) - 2 {Piq2+qiP2y} (B•d. 3)

3. DISTRIBUTIONS OF X AND F, STATISTICS

(a) Small SampleExact Distributions.—From the discussions regard
ing the power of the tests in Section4 it wouldbe seen that for all practi
cal purposes it seems to be sufficient if the discussions are confined to
the exact distributions of Statistics A'o and Y-^ when n ranges from 1 to 6.
The exact distributions of the Statistics Xq and 7^ for different values
of n (1 —6 for Zq and 2 —6 for have been obtained for values of
p = 0-1 (0-1) 0-5 and given in Tables I and II. These tables will
enable us to calculate the probability that an observed value of Xo or

exceeds (or is less than) a certain quantity r. The probability gene
rating functions for X^ and Y^ are given in the Appendix.

For larger n the exact probabilities can be calculated by making
use of the recurrence relations for Xq and 7^ (A.a.2 and B.bA) and
the probabilities given in the above tables.

For Xo the recurrence relations can be written as

96 {n, Zo) = ^ (« - 1, Xo) [p^ + q^ + pqt + pqt'^]

Equating the coefficients of t' on both the sides we get

P '•)x, = P («-l, r)x„ {p^+q^) + [P (n-h r-\)x„
+ P{n-\, r+l)x,} pq (3.fl.l)

where P (n, r)x„ is the probability of Xq having a value r when the size
of the sequences is n.

Similarly for Fi the recurrence relation is
^ (n + 4, Fj) = 0 (n + 3, FJ {p^ + q^ + 2pqt^}

-<^(«+2,Fi)W(l-^') (!-/')}

+ 2/?V?' (1-tY + P^t^ (1
. +<f>(.n,Yd{pW(.^-m-
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• • .. •2400 • 5200 •2400 ..
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/7 = -5; q= -5.
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•• • . . .. .. •2500 •5000 •2500 • •

• •
,, •

2
•• -- • • •0625 •2500 •3750 •2500 •0625 . •

3
•

••
••
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Table II

Exact probability distributions of statistic
p = -1; q = -9

. • •

n

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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• •
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p = -2; q = -8.
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n

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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Table 11—Contd.

P = -3; q = -7.

n

6 1 2 3 4 5 6 7 8 9. 10 11 . 12 13 14 16 16
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Equating the coefficients of t' on both the sides the following rela
tion is obtained:—.

P (72+4; r)y, = P (n+3, r)y, {p^+q^) + P (n+3, r-3)y,2pq
-{Pi?i+2,r)Y,-P(n+2,r-2)y,

- P in+2, r—4)y^ + P («+2, r-r'6)yjp^q^

- {P («+1, r-2)y, + P («+1, r-6)y,

-2P{n+l,r-4)y,}pY(p'+q')
- {P {n+\, r-3)y, + P (n-F-1, r-l)y,

-2P{n+l,r-5)y}2pY

+ {P («, r-2)y, - AP(«, r-A)y^

+ 6P(«,r-6K-4P

+ P(«,/--10VJ/7V (3.a. 2)

From the relations (S.a.l) and (3.a.2) the probabilities P(«,
and P (« + 4, r)y^ for any n (> 6) and r can be obtained by substitut
ing in the right-hand side in succession the values taken from the
Tables I and 11. It is proposed to prepare similar tables for higher
values of n and s. .

(b) Asymptotic Distributions—IX. has already been shown in Sec
tion 2 that the first four cumulants of Z, and Y, for j = 0, 1 and 2 are
linear functions in n. In fact so long as is finite it can be easily.
established that the cumulants of any order will be linear function in
n and

; r, = ^. = 0 -^0(?)
as and therefore the distributions tend to the normal form
so long as p is finite.

For larger values of s and n when s = nf where / is a finite frac
tion it would be noted that the first two cumulants of and are of

degree 2 and 3 respectively in n. From the ideas developed in a previous
paper (1952) it can be noted that the rth cumulant will be of degree (/•+1)
in n. This can be seen from the fact that the rth cumulant is n times

the expectation for r connected differences like (x^ —j,), (x, —jj+j),
(x, jj-i)," etc. The highest degree of s will correspond to the expecta
tion' of these dilTerences wherein the connected differences, will involve
maximum number of observations. In the particular type of distribu
tions discussed here the number of ways of obtaining r connected differ-
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ences wherein a maximum of,(;'+ 1) observations are, involved is
(25+1)^. This is obtained by associating any observation of the
first or the secondsequence with r observationselected from the (2s + 1)
nearest observations of .the other sequence....Thus.the degree of .nJn
the rth cumulant will be (r + 1). Hence

Yt =

as n oo.

'tt+2
£+2

- 2

= 0 /-V© 0

It follows that the' asymptotic distributions of and Y", for any
value' of j will take the normal form. It will further be noted that X
statistics are always symmetrical. But is symmetrical when j? = q
= When p is very small the distribution of Yo tends to the Poisson
form.

4. Power of Z and Y Statistics for Comparing Two"

Binomial Sequences

In view of the fact that the distributions of the Statistics tend to
the normal form for large values-of n they can-be used-for comparing
two. binomial sequences. This .may be done by calculating the .stan
dardized deviates of the observed values of thz.,Statistics. It would
be worth while to examine how .the tests are .affected-when s-increases.
One of the ways of doing this is to calculate Ihe: power of the tests for
different values of s and this has been done for Z, and Y^. ^or n = 30
and Ha- and alternatives= 0-5 and= 0-1y.(0-1)
0-4 and given in the Tables III and IV. -These tables show that ^
power of X, is maximum for j = 0. As regards Yg, its power increases
with s and attains a maximum at ^ = (n —1). The increase in,; po^er

Table III

Power of Xs for testing the difference between two binomial samples
H„ :pi =Pi = -5, q^=q^= -5, n =30, o = 0-,05 ; ; ,

Alternatives p2
s

•1 •2 ;3 •4
v. A li

0 •91681, •66089 33459 illsk"''''
1 •91308 •65266 33211 • ••11801

5 •90847 •64363 , 32671 \ •11655

10 •90427 •63723 ~ 32284 •11560
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Table IV

Power of Ysfor testing the difference between two binomial samples
H„ :Pi =Pz = -5, = 92 = -5, n = 30, a = 0-05

Alternatives p^,

•1 •2 •3 •4

0 •05000 •05000 •05000 •05000

1 •19164 •13310 •08692 •05908

5 •45658 •34658 •21354 •09412

10 •57000 •46306 , •30994 •13066

15 •61972 •51844 •36338 •15640

20 •64298 •54514 •39092 •17152

-25 •65438 •55846 •40508 •18020

29 •65766 •56226 •40920 •18234

is small after a certaia value of s ranging from 5 to 20 depending upon
the value of the alternative p^. When n is small and ranges from
2-6, and Zo can be used for the purpose of comparison on the basis
of the exact distributions given in Tables I and II.

Comparing Tables III and IV it would be noted that Ihe power of
Y Statistics iox s> 15 is slightly more than that of Zq. It appears
therefore that the Y Statistics {s > 15) may be more powerful than Zo.
Detailed investigations on the relative efficiencies are in progress and
will be published separately.

5. Summary

The distvibutions of a number of Statistics arising from two bi
nomial sequences

{at} ^1) ^25 ^3, . • .) Xn

W—y^, •••, yn

have been discussed in this paper. The Statistics considered are the
following:—

#1 • " s li^i

iXr+i -I,Xs = 2j (Xr —Jr) ~l" ^ {(-"-r Jr+i) "H ijr)}
r=l i=.l '•=1

Ys =. Z r^r - yr\+ 2 "S {1 X, - + 1 - y. |}
r=l j=i r=l

{s = 0, 1, 2, .n — 1).
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It has been shown that all these distributions tend to the normal form
as n-^po. The standardized deviates of these Statiistics can be used
for testing the significance of two binomial sequences. The exact
distribution of (« taking values l.to 6) and {n taking values 2. to 6)
have been given. Distributions for n > 6 can be evaluated by using
the recurrence relations given in the paper.

The power of the Statistics Xs and Ys for different values of s for
p^=p^ = 0-5 have been given for n = 30 and alteinatives pi

= 0-5 and ^3 = 0-1 (0-1) 0-4.

Our thanks are due to Shree S. P. Varma for helping us in com
putations involved in this ,paper..
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. ..- - ; -APPENDIX • •

The probability^ generating functions for A'o (« = 1 — 6) and
Yi{n = 2 6) -are -given below :—

i>{l:Xo)={p^ + q^)+pqit + n

+ 2m (^'+9') C+O

+ pYit'+r^)

<!> (3, Xo) = {07''+^8) 9^2^2 (p2+g2)}

+ {3pq ip^+q^) + 9p^q^} {t+r^)

-• "' • +{3;,V(pHa}(''+^

+ pYO'+r®)

4' (4, ^o) = {{p'+q') + I6py ip'+q') + 26pY}
+ {4pq{p^+q^) + 24pV (P^+q^))

+ {6p^qHp'+q^] + 16pY} it^+n)

+ {4pVip'+qW+'n

• +pY{t*+r*).

4> (5, X,) = + 15p^^ ip^+q') + mpY ip^+q")]

+ {5pq{p^+q^) + SOpVCpH?^) + 100j3®^f®}

x(; + ri)

+ {iQp^q^ 0®+g®) + 50pV ip^+q^)} {t^+t~^)

+ WqHp'+q') + ISp^q^) {fi+r^)

+ {5i7V (/''+?')} O'+r^)

+ pVO®+r®).

<!> (6, A'o) = + 36/72^2 (^8^^8) + 225pY(p*+q') + 400^8^8}

+ {6pqip '̂>+q '̂>) + 90p^q^(p'+q')

+ 300p^q^ (p^+q^)] (t+r^)
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«,+ {\5p^q^ (p^+q^) + nWip/'+q')

+'225;7«^«}(?Hr')

. 14 {20pV i.p^+q''))

+ {15A'(/>'+?') + OHr«)

4 {6/^V

0 (2, rj = {p^W)
+ tHApqip^+q'^ + W)

+ iM2;'V)'

^ (3, Fi) = (;;«+?«)
+ {4;,^(p4^^4) + 2/72^2

+ {2;)^ + W (?'+?') +

+ ^nSi^V + W}

+ + W)

+ f {2p^^).

j>{A,Y;) = {p^W)

+ {4;,^ (p0+^6) + 2^^252 (^4+^4) + 2pV}

+ /' {4/7? (/7®+9®)+4;'̂ ?^ (/'*+?^3"+ Ap^q%p'̂ +q^)}

•+ t' [W {p'+'q"-) + np^q' ip^+q") + W)

+ tHnp\^(:p'+q'-y+ i6/7V(p'+9') + 24pV}

+•> + 12/7V + 20pV}

+ /{8/7®?»(/>2+g«)+'Si)V}

+ «8 {4;>Y(P^+«^) + ^pV)

. . - +?«{2i7V}-

(5, Fi) ^ •

' -'4 t^{Apq ip^+q^) +-'2>2^2 (;,6+56)

- ••+2pV(p^¥g'^)K'^ '•
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+ {6pq + 4^2^? (^6+^6)

+ + 4/)®^®}

+ {1W

+ ipY{p^+q^)+ ^^q^)

+ {20p2^2 {p^J^q^) + (/+«^)

+ 28/7V (/''+?') +22^7V}

+ t^{^p^^{p^+q^) + 32/)V(pHe^)

+ + 48p®^®}

+ f'{2W(/''+9^) + SepYip^+q")

+ Mp^'}

+ i® {20/g®(j>^-\-q'̂ ) + 37p'»5«(;7Hg'̂ )

• + 56pY}

+ fWip^+q') + \epY{p^+q^)

+ ^2p'q^}

+ t^^{npY{p^^q^) + %p^q^}

+ <"{4/>V(pH9') + 8/)V}

+ t^n^p'q'}.

. .,^.(6, iy-={(p^^+?^^)}

'. + tH^pqip'̂ +.q"') + 2p^q^{p^-\-q^)
. +W(p'+9') + W}

+ {8m. (/'^°+9^") + 4j?2g2 ip^+q^)

+ Vg® (p®+?®) + 4/7®?®

+ {14;;^^^ ip^+q^) + 12;pV (/'''+«®)

+ ^p*q^{p^-\-q*) + + ?>p^q^}

+ {28j72^2 (^8^^8) 36^3^3 (p8_|.g,6)

+ 28;7V(/''+3') + {p^+q^) + 24p«(78}

+ {18/7^^2 (p8+^«) + 52pV



ON SOME STATISTICS COMPARING TWO BINOMIAL SEQUENCES 217

+ 72pV + 56p^q^ (p^+q^) + 66p^q^}

, . • . + t'{52p'q^p^+q^y+n6pYip'+q')

4- mpY(P^+q^) + 136;>V}

-f t^{52pY(p^+q^) + l09pY(p*+q^)

+ i96pY(p^+q^) + i^6pY}

+ r® {12pY (p^+q^) + S4pYip^+q*)

+ mpY(p''+q'') + 200pY}

+ t'^'{46pY(p*+q^)+lOSpY(p^+q^)
+ l54pY}

+ {28p*q^ {p*+q^) + 64pY (p^+q^)

+ 80;j8^fi}

+ t^^{2pY(P^+q*) + 20pY + 48pY}

+ t^^{i6pY (p^+q^) + SpY}

+ {4pY ip '̂+q^) + 10;)8^«}.

+ r" {2pY}.


